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A total coloring of a graph G is a coloring of its vertices and edges such that no adjacent
vertices, edges, and no incident vertices and edges obtain the same color. An interval total
t-coloring of a graph G is a total coloring of G with colors 1, 2, . . . , t such that at least one
vertex or edge of G is colored by i, i = 1, 2, . . . , t, and the edges incident to each vertex v
together with v are colored by dG(v) + 1 consecutive colors, where dG(v) is the degree of
the vertex v in G. In this paper we investigate some properties of interval total colorings.
We also determine exact values of the least and the greatest possible number of colors in
such colorings for some classes of graphs.
Keywords: total coloring, interval coloring, connected graph, regular graph, bipartite
graph
1. Introduction
A total coloring of a graph G is a coloring of its vertices and edges such that no adjacent
vertices, edges, and no incident vertices and edges obtain the same color. The concept of
total coloring was introduced by V. Vizing [ 22] and independently by M. Behzad [ 4]. The
total chromatic number χ′′ (G) is the smallest number of colors needed for total coloring of
G. In 1965 V. Vizing and M. Behzad conjectured that χ′′ (G) ≤ ∆(G)+2 for every graph
G [ 4, 22], where ∆(G) is the maximum degree of a vertex in G. This conjecture became
known as Total Coloring Conjecture [ 10]. It is known that Total Coloring Conjecture
holds for cycles, for complete graphs [ 5], for bipartite graphs, for complete multipartite
graphs [ 25], for graphs with a small maximum degree [ 11, 12, 18, 21], for graphs with
minimum degree at least 3
4
|V (G)| [ 9], and for planar graphs G with ∆(G) 6= 6 [ 6, 10, 20].
M. Rosenfeld [ 18] and N. Vijayaditya [ 21] independently proved that the total chromatic
number of graphs G with ∆(G) = 3 is at most 5. A. Kostochka in [ 11] proved that
the total chromatic number of graphs with ∆(G) = 4 is at most 6. Later, also he in [
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12] proved that the total chromatic number of graphs with ∆(G) = 5 is at most 7. The
general upper bound for the total chromatic number was obtained by M. Molloy and B.
Reed [ 15], who proved that χ′′ (G) ≤ ∆(G) + 1026 for every graph G. The exact value
of the total chromatic number is known only for paths, cycles, complete and complete
bipartite graphs [ 5], n-dimensional cubes, complete multipartite graphs of odd order [ 8],
outerplanar graphs [ 26] and planar graphs G with ∆(G) ≥ 9 [ 7, 10, 13, 23].
The key concept discussed in a present paper is the following. Given a graph G, we say
that G is interval total colorable if there is t ≥ 1 for which G has a total coloring with
colors 1, 2, . . . , t such that at least one vertex or edge of G is colored by i, 1, 2, . . . , t, and
the edges incident to each vertex v together with v are colored by dG(v) + 1 consecutive
colors, where dG(v) is the degree of the vertex v in G.
The concept of interval total coloring [ 16, 17] is a new one in graph coloring, synthe-
sizing interval colorings [ 1, 2] and total colorings. The introduced concept is valuable as
it connects to the problems of constructing a timetable without a “gap”and it extends to
total colorings of graphs one of the most important notions of classical mathematics - the
one of continuity.
In this paper we investigate some properties of interval total colorings of graphs. Also,
we show that simple cycles, complete graphs, wheels, trees, regular bipartite graphs and
complete bipartite graphs have interval total colorings. Moreover, we obtain some bounds
for the least and the greatest possible number of colors in interval total colorings of these
graphs.
2. Definitions and preliminary results
All graphs considered in this work are finite, undirected, and have no loops or multiple
edges. Let V (G) and E(G) denote the sets of vertices and edges of G, respectively. An
(a, b)-biregular bipartite graph G is a bipartite graph G with the vertices in one part
having degree a and the vertices in the other part having degree b. The degree of a
vertex v ∈ V (G) is denoted by dG(v), the maximum degree of vertices in G by ∆(G), the
diameter of G by diam(G), the chromatic number of G by χ(G) and the edge-chromatic
number of G by χ′(G). A vertex u of a graph G is universal if dG(u) = |V (G)| − 1. A
proper edge-coloring of a graph G is a coloring of the edges of G such that no two adjacent
edges receive the same color. For a total coloring α of a graph G and for any v ∈ V (G),
define the set S [v, α] as follows:
S [v, α] = {α(v)} ∪ {α(e) | e is incident to v}
Let ⌊a⌋ (⌈a⌉) denote the greatest (the least) integer ≤ a (≥ a). For two integers a ≤ b,
the set {a, a+ 1, . . . , b} is denoted by [a, b].
An interval t-coloring of a graph G is a proper edge-coloring of G with colors 1, 2, . . . , t
such that at least one edge of G is colored by i, i = 1, 2, . . . , t, and the edges incident
to each vertex v are colored by dG(v) consecutive colors. A graph G is interval colorable
if there is t ≥ 1 for which G has an interval t-coloring. The set of all interval colorable
graphs is denoted by N. For a graph G ∈ N, the greatest value of t for which G has an
interval t-coloring is denoted by W (G).
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An interval total t-coloring of a graph G is a total coloring of G with colors 1, 2, . . . , t
such that at least one vertex or edge of G is colored by i, i = 1, 2, . . . , t, and the edges
incident to each vertex v together with v are colored by dG(v) + 1 consecutive colors.
For t ≥ 1, let Tt denote the set of graphs which have an interval total t-coloring, and
assume: T =
⋃
t≥1
Tt. For a graph G ∈ T, the least and the greatest values of t for which
G ∈ Tt are denoted by wτ (G) and Wτ (G), respectively. Clearly,
χ′′ (G) ≤ wτ (G) ≤ Wτ (G) ≤ |V (G)|+ |E(G)| for every graph G ∈ T.
Terms and concepts that we do not define can be found in [ 24, 25].
We will use the following two results.
Theorem 1 [ 1, 2]. If G is a connected triangle-free graph and G ∈ N, then
W (G) ≤ |V (G)| − 1.
Theorem 2 [ 3]. If G is a connected (a, b)-biregular bipartite graph with |V (G)| ≥ 2(a+b)
and G ∈ N, then
W (G) ≤ |V (G)| − 3.
3. Some properties of interval total colorings of graphs
First we prove a simple property of interval total colorings that for any interval total
coloring of a graph G there is an inverse interval total coloring of the same graph.
Proposition 3 If α is an interval total t-coloring of a graph G, then a total coloring β,
where
1) β(v) = t+ 1− α(v) for each v ∈ V (G),
2) β(e) = t + 1− α(e) for each e ∈ E(G),
is also an interval total t-coloring of a graph G.
Proof. Clearly, a total coloring β contains at least one vertex or edge with color i,
i = 1, 2, . . . , t. Since S[v, α] is an interval for each v ∈ V (G), hence S[v, α] = [a, b]. By
the definition of the coloring β it follows that S[v, β] = [t + 1 − b, t + 1 − a] for each
v ∈ V (G). 
Next we prove the proposition which implies that in definition of interval total t-coloring,
the requirement that every color i, i = 1, 2, . . . , t, appear in an interval total t-coloring
isn’t necessary in the case of connected graphs.
Proposition 4 Let α be a total coloring of the connected graph G with colors 1, 2, . . . , t
such that the edges incident to each vertex v ∈ V (G) together with v are colored by dG(v)+1
consecutive colors, and minv∈V (G),e∈E(G){α(v), α(e)} = 1, maxv∈V (G),e∈E(G){α(v), α(e)} =
t. Then α is an interval total t-coloring of G.
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Proof. For the proof of the proposition it suffices to show that if t ≥ 3, then for color s,
1 < s < t, there exists at least one vertex or edge of G which is colored by s. We consider
four possible cases.
Case 1: there are vertices v, v′ ∈ V (G) such that α(v) = 1, α(v′) = Wτ (G).
Since G is connected, there exists a simple path P1 joining v with v
′, where
P1 = (v0, e1, v1, . . . , vi−1, ei, vi, . . . , vk−1, ek, vk), v0 = v, vk = v
′.
If α(vi) 6= s, i = 1, 2, . . . , k − 1, and α(ej) 6= s, j = 1, 2, . . . , k, then there exists an
index i0, 1 ≤ i0 < k, such that α(ei0) < s and α(ei0+1) > s. Hence, there is an edge of
G colored by s which is incident to vi0 . This implies that for any s, 1 < s < t, there is a
vertex or an edge with color s.
Case 2: there is a vertex v and there is an edge e′ such that α(v) = 1, α(e′) =Wτ (G).
Let e′ = v′w and P2 be a simple path joining v with v
′, where
P2 = (v0, e1, v1, . . . , vi−1, ei, vi, . . . , vk−1, ek, vk), v0 = v, vk = v
′.
If α(vi) 6= s, i = 1, 2, . . . , k, and α(ej) 6= s, j = 1, 2, . . . , k, then there exists an index i1,
1 ≤ i1 < k, such that α(ei1) < s and α(ei1+1) > s. Hence, there is an edge of G colored
by s which is incident to vi1 . This implies that for any s, 1 < s < t, there is a vertex or
an edge with color s.
Case 3: there is an edge e and there is a vertex v′ such that α(e) = 1, α(v′) =Wτ (G).
Let e = uv and P3 be a simple path joining v with v
′, where
P3 = (v0, e1, v1, . . . , vi−1, ei, vi, . . . , vk−1, ek, vk), v0 = v, vk = v
′.
If α(vi) 6= s, i = 0, 1, . . . , k − 1, and α(ej) 6= s, j = 1, 2, . . . , k, then there exists an
index i2, 1 ≤ i2 < k, such that α(ei2) < s and α(ei2+1) > s. Hence, there is an edge of
G colored by s which is incident to vi2 . This implies that for any s, 1 < s < t, there is a
vertex or an edge with color s.
Case 4: there are edges e, e′ ∈ E(G) such that α(e) = 1, α(e′) = Wτ (G).
Let e = uv, e = v′w. Without loss of generality we may assume that a simple path P4
joining e with e′ joins v with v′, where
P4 = (v0, e1, v1, . . . , vi−1, ei, vi, . . . , vk−1, ek, vk), v0 = v, vk = v
′.
If α(vi) 6= s, i = 0, 1, . . . , k, and α(ej) 6= s, j = 1, 2, . . . , k, then there exists an index i3,
1 ≤ i3 < k, such that α(ei3) < s and α(ei3+1) > s. Hence, there is an edge of G colored
by s which is incident to vi3 . This implies that for any s, 1 < s < t, there is a vertex or
an edge with color s. 
Now we show that there is an intimate connection between interval total colorings of
graphs and interval edge-colorings of certain bipartite graphs.
Let G be a simple graph with V (G) = {v1, v2, . . . , vn}. Define an auxiliary graph H as
follows:
V (H) = U ∪W , where
U = {u1, u2, . . . , un}, W = {w1, w2, . . . , wn} and
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E(H) = {uiwj, ujwi| vivj ∈ E(G), 1 ≤ i ≤ n, 1 ≤ j ≤ n} ∪ {uiwi| 1 ≤ i ≤ n}.
Clearly, H is a bipartite graph with |V (H)| = 2|V (G)|.
Theorem 5 If α is an interval total t-coloring of the graph G, then there is an interval
t-coloring β of the bipartite graph H.
Proof. For the proof, we define an edge-coloring β of the graph H as follows:
(1) β(uiwj) = β(ujwi) = α(vivj) for every edge vivj ∈ E(G),
(2) β(uiwi) = α(vi) for i = 1, 2, . . . , n.
It is easy to see that β is an interval t-coloring of the graph H . 
This theorem shows that any interval total t-coloring of a graph G can be transform
into an interval t-coloring of the bipartite graph H .
Corollary 6 If G is a connected graph and G ∈ T, then
Wτ (G) ≤ 2|V (G)| − 1.
Proof. Let α be an interval total Wτ (G)-coloring of the graph G. By Theorem 5, β is
an interval Wτ (G)-coloring of the graph H . Since H is a connected bipartite graph with
|V (H)| = 2|V (G)| and H ∈ N, by Theorem 1, we have
Wτ (G) ≤ |V (H)| − 1 = 2|V (G)| − 1, thus
Wτ (G) ≤ 2|V (G)| − 1.

Remark 7 Note that the upper bound in Corollary 6 is sharp for simple paths Pn, since
Wτ (Pn) = 2n− 1 for any n ∈ N.
Corollary 8 If G is a connected r-regular graph with |V (G)| ≥ 2r + 2 and G ∈ T, then
Wτ (G) ≤ 2|V (G)| − 3.
Proof. Let α be an interval total Wτ (G)-coloring of the graph G. By Theorem 5, β is an
interval Wτ (G)-coloring of the graph H . Since H is a connected (r + 1)-regular bipartite
graph with |V (H)| ≥ 2(2r + 2) and H ∈ N, by Theorem 2, we have
Wτ (G) ≤ |V (H)| − 3 = 2|V (G)| − 3, thus
Wτ (G) ≤ 2|V (G)| − 3.

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Next we derive some upper bounds for Wτ (G) depending on degrees and diameter of a
connected graph G.
Theorem 9 If G is a connected graph and G ∈ T, then
Wτ (G) ≤ 1 + max
P∈P
∑
v∈V (P )
dG(v),
where P is the set of all shortest paths in the graph G.
Proof. Consider an interval total Wτ (G)-coloring α of G. We distinguish four possible
cases.
Case 1: there are vertices v, v′ ∈ V (G) such that α(v) = 1, α(v′) = Wτ (G).
Let P1 be a shortest path joining v with v
′, where
P1 = (v1, e1, v2, e2, . . . , vi, ei, vi+1, . . . , vk, ek, vk+1), v1 = v, vk+1 = v
′.
Note that
α(e1) ≤ 1 + dG(v1),
α(e2) ≤ α(e1) + dG(v2),
· · · · · · · · · · · · · · ·
α(ei) ≤ α(ei−1) + dG(vi),
· · · · · · · · · · · · · · ·
α(ek) ≤ α(ek−1) + dG(vk),
Wτ (G) = α(v
′) = α(vk+1) ≤ α(ek) + dG(vk+1).
By summing these inequalities, we obtain
Wτ (G) ≤ 1 +
k+1∑
i=1
dG(vi) ≤ 1 + max
P∈P
∑
v∈V (P )
dG(v).
Case 2: there is a vertex v and there is an edge e′ such that α(v) = 1, α(e′) = Wτ (G).
Let e′ = v′w and P2 be a shortest path joining v with v
′, where
P2 = (v1, e1, v2, e2, . . . , vi, ei, vi+1, . . . , vk, ek, vk+1), v1 = v, vk+1 = v
′.
Note that
α(e1) ≤ 1 + dG(v1),
α(e2) ≤ α(e1) + dG(v2),
· · · · · · · · · · · · · · ·
α(ei) ≤ α(ei−1) + dG(vi),
· · · · · · · · · · · · · · ·
α(ek) ≤ α(ek−1) + dG(vk),
Wτ (G) = α(e
′) = α(vk+1w) ≤ α(ek) + dG(vk+1).
By summing these inequalities, we obtain
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Wτ (G) ≤ 1 +
k+1∑
i=1
dG(vi) ≤ 1 + max
P∈P
∑
v∈V (P )
dG(v).
Case 3: there is an edge e and there is a vertex v′ such that α(e) = 1, α(v′) = Wτ (G).
Let e = uv and P3 be a shortest path joining v with v
′, where
P3 = (v1, e1, v2, e2, . . . , vi, ei, vi+1, . . . , vk, ek, vk+1), v1 = v, vk+1 = v
′.
Note that
α(e1) ≤ 1 + dG(v1),
α(e2) ≤ α(e1) + dG(v2),
· · · · · · · · · · · · · · ·
α(ei) ≤ α(ei−1) + dG(vi),
· · · · · · · · · · · · · · ·
α(ek) ≤ α(ek−1) + dG(vk),
Wτ (G) = α(v
′) = α(vk+1) ≤ α(ek) + dG(vk+1).
By summing these inequalities, we obtain
Wτ (G) ≤ 1 +
k+1∑
i=1
dG(vi) ≤ 1 + max
P∈P
∑
v∈V (P )
dG(v).
Case 4: there are edges e, e′ ∈ E(G) such that α(e) = 1, α(e′) =Wτ (G).
Let e = uv and e′ = v′w. Without loss of generality we may assume that a shortest
path P4 joining e and e
′ joins v and v′, where
P4 = (v1, e1, v2, e2, . . . , vi, ei, vi+1, . . . , vk, ek, vk+1), v1 = v, vk+1 = v
′.
Note that
α(e1) ≤ 1 + dG(v1),
α(e2) ≤ α(e1) + dG(v2),
· · · · · · · · · · · · · · ·
α(ei) ≤ α(ei−1) + dG(vi),
· · · · · · · · · · · · · · ·
α(ek) ≤ α(ek−1) + dG(vk),
Wτ (G) = α(e
′) = α(v′w) ≤ α(ek) + dG(vk+1).
By summing these inequalities, we obtain
Wτ (G) ≤ 1 +
k+1∑
i=1
dG(vi) ≤ 1 + max
P∈P
∑
v∈V (P )
dG(v).

Corollary 10 If G is a connected graph and G ∈ T, then Wτ (G) ≤ 1 + (diam(G) +
1)∆(G).
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Now we give an upper bound on Wτ (G) for graphs with a unique universal vertex.
Theorem 11 If G is a graph with a unique universal vertex u and G ∈ T, then Wτ (G) ≤
|V (G)|+ 2k(G), where k(G) = maxv∈V (G)(v 6=u)dG(v).
Proof. Let α be an interval total Wτ (G)-coloring of the graph G.
Consider the vertex u. We show that 1 ≤ minS[u, α] ≤ k(G) + 1.
Suppose, to the contrary, that minS[u, α] ≥ k(G) + 2. Since dG(v) ≤ k(G) for any
v ∈ V (G)(v 6= u), then minS[v, α] ≥ 2 for any v ∈ V (G)(v 6= u), which is a contradiction.
Now, we have
1 ≤ minS[u, α] ≤ k(G) + 1,
hence,
|V (G)| ≤ maxS[u, α] ≤ |V (G)|+ k(G).
This implies that maxS[v, α] ≤ |V (G)|+ 2k(G) for any v ∈ V (G)(v 6= u). 
In the next theorem we prove that regular bipartite graphs, trees and complete bipartite
graphs are interval total colorable.
Theorem 12 The set T contains all regular bipartite graphs, trees and complete bipartite
graphs.
Proof. First we prove that if G is an r-regular bipartite graph with bipartition (U, V ),
then G has an interval total (r + 2)-coloring.
Since G is an r-regular bipartite graph, we have χ′ (G) = ∆(G) = r. Let α be a
proper edge-coloring of G with colors 2, 3, . . . , r+ 1. Clearly, S(w, α) = [2, r+ 1] for each
w ∈ V (G).
Define a total coloring β of the graph G as follows:
1. for any u ∈ U , let β(u) = 1;
2. for any e ∈ E(G), let β(e) = α(e);
3. for any v ∈ V , let β(v) = r + 2.
It is easy to see that β is an interval total (r + 2)-coloring of G.
Next we consider trees. Clearly, K1 is a tree and has an interval total 1-coloring.
Assume that T is a tree and T 6= K1. Now we prove that T has an interval total
(∆(T ) + 2)-coloring.
We use induction on |E(T )|. Clearly, the statement is true for the case |E(T )| = 1.
Suppose that |E(T )| = k > 1 and the statement is true for all trees T ′ with |E(T ′)| < k.
Suppose e = uv ∈ E(T ) and dT (u) = 1. Let T
′ = T − u. Since |E(T )| > 1, we have
dT (v) ≥ 2. Clearly, dT ′(v) = dT (v) − 1,∆(T
′) ≤ ∆(T ) and |E(T ′)| = |E(T )| − 1 < k.
Let α be an interval total (∆(T ′) + 2)-coloring of the tree T ′ (by induction hypothesis).
Consider the vertex v. Let
S[v, α] = {s(1), s(2), . . . , s(dT ′(v) + 1)},
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where 1 ≤ s(1) < s(2) < . . . < s(dT ′(v) + 1) ≤ ∆(T ) + 2. We consider three cases.
Case 1: s(1) = 1.
Clearly, s(dT ′(v) + 1) = dT ′(v) + 1 = dT (v). In this case we color the edge e with color
dT (v)+1 and the vertex u with color dT (v)+2. It is easy to see that the obtained coloring
is an interval total (∆(T ) + 2)-coloring of the tree T .
Case 2: s(1) = 2.
Subcase 2.1: α(v) = 2.
Clearly, s(dT ′(v) + 1) = dT (v) + 1. In this case we color the edge e with color dT (v) + 2
and the vertex u with color dT (v) + 1. It is easy to see that the obtained coloring is an
interval total (∆(T ) + 2)-coloring of the tree T .
Subcase 2.2: α(v) 6= 2 and ∆(T ′) = ∆(T ).
We color the edge e with color 1 and the vertex u with color 2. It is easy to see that
obtained coloring is an interval total (∆(T ) + 2)-coloring of the tree T .
Subcase 2.3: α(v) 6= 2 and ∆(T ′) < ∆(T ).
We define a total coloring β of the tree T ′ in the following way:
1. ∀w ∈ V (T ′) β(w) = α(w) + 1;
2. ∀e′ ∈ E(T ′) β(e′) = α(e′) + 1.
Now we color the edge e with color 2 and the vertex u with color 1. It is not difficult
to see that the obtained coloring is an interval total (∆(T ) + 2)-coloring of the tree T .
Case 3: s(1) ≥ 3.
We color the edge e with color s(1)− 1 and the vertex u with color s(1)− 2. It is easy
to see that the obtained coloring is an interval total (∆(T ) + 2)-coloring of the tree T .
Finally, we prove that if Km,n is a complete bipartite graph, then it has an interval
total (m+ n+ 1)-coloring.
Let V (Km,n) = {u1, u2, . . . , um, v1, v2, . . . , vn} and E(Km,n) = {uivj | 1 ≤ i ≤ m, 1 ≤
j ≤ n}.
Define a total coloring γ of the graph Km,n as follows:
1. for i = 1, 2, . . . , m, let γ(ui) = i;
2. for j = 1, 2, . . . , n, let γ(vj) = m+ 1 + j;
3. for i = 1, 2, . . . , m and j = 1, 2, . . . , n, let γ(uivj) = i+ j.
It is easy to see that γ is an interval total (m+ n+ 1)-coloring of Km,n. 
Corollary 13 If G is an r-regular bipartite graph, then wτ (G) ≤ r + 2.
Corollary 14 If T is a tree, then wτ (T ) ≤ ∆(T ) + 2.
Corollary 15 Wτ (Km,n) ≥ m+ n+ 1 for any m,n ∈ N.
From Corollary 13, we have that wτ (G) ≤ r + 2 for any r-regular bipartite graph G.
On the other hand, clearly, wτ (G) ≥ r + 1. In [ 14, 19] it was proved that the problem
of determining whether χ′′ (G) = r + 1 is NP -complete even for cubic bipartite graphs.
Thus, we can conclude that the verification whether wτ(G) = r + 1 for any r-regular
(r ≥ 3) bipartite graph G is also NP -complete.
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4. Exact values of wτ (G) and Wτ (G)
In this section we determine the exact values of wτ (G) and Wτ (G) for simple cycles,
complete graphs and wheels.
In [ 25] it was proved the following result.
Theorem 16 For the simple cycle Cn,
χ′′(Cn) =
{
3, if n = 3k,
4, if n 6= 3k.
Theorem 17 For any n ≥ 3, we have
(1) Cn ∈ T,
(2) wτ (Cn) =
{
3, if n = 3k,
4, if n 6= 3k,
(3) Wτ (Cn) = n+ 2.
Proof. First we prove that Cn has either an interval total 3-coloring or an interval total
4-coloring.
Let V (Cn) = {v1, v2 . . . , vn} and E(Cn) = {vivi+1| 1 ≤ i ≤ n−1}∪{v1vn}. We consider
three cases.
Case 1: n = 3k (k ∈ N).
Define a total coloring α of the graph Cn as follows:
α (vi) =


2, if i ≡ 0 (mod 3),
1, if i ≡ 1 (mod 3),
3, if i ≡ 2 (mod 3),
for i = 1, 2, . . . , n,
α (vjvj+1) =


3, if j ≡ 0 (mod 3),
2, if j ≡ 1 (mod 3),
1, if j ≡ 2 (mod 3),
for j = 1, 2, . . . , n− 1, and α(v1vn) = 3.
Case 2: n 6= 3k (k ∈ N) and n is even.
Define a total coloring α of the graph Cn as follows:
α (vi) =
{
4, if i ≡ 0 (mod 2),
1, if i ≡ 1 (mod 2),
for i = 1, 2, . . . , n,
α (vjvj+1) =
{
2, if j ≡ 0 (mod 2),
3, if j ≡ 1 (mod 2),
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for j = 1, 2, . . . , n− 1, and α(v1vn) = 2.
Case 3: n 6= 3k (k ∈ N) and n is odd.
Define a total coloring α of the graph Cn as follows:
α (vi) =


4, if i ≡ 0 (mod 2), i 6= n− 1,
1, if i ≡ 1 (mod 2), i 6= n,
2, if i = n− 1,
3, if i = n,
for i = 1, 2, . . . , n,
α (vjvj+1) =


2, if j ≡ 0 (mod 2), j 6= n− 1,
3, if j ≡ 1 (mod 2),
4, if j = n− 1,
for j = 1, 2, . . . , n− 1, and α(v1vn) = 2.
It is easy to check that α is an interval total 3-coloring of the graph Cn, when n = 3k,
and an interval total 4-coloring of the graph Cn, when n 6= 3k. Hence, for any n ≥ 3,
Cn ∈ T and wτ (Cn) ≤ 3 if n = 3k and wτ (Cn) ≤ 4 if n 6= 3k. On the other hand,
by Theorem 16, and taking into account that wτ (Cn) ≥ χ
′′(Cn), we have wτ (Cn) ≥ 3 if
n = 3k and wτ (Cn) ≥ 4 if n 6= 3k. Thus, (1) and (2) hold.
Let us prove (3).
Now we show that Wτ (Cn) ≥ n+ 2 for any n ≥ 3. For that, we consider two cases.
Case 1: n is even.
Define a total coloring β of the graph Cn as follows:
1. for i = 1, 2, . . . , n
2
, let
β(vi) = 2i− 1, β(vivi+1) = 2i
2. for j = n
2
+ 1, . . . , n, let
β(vj) = 2(n− j) + 4,
3. for k = n
2
+ 1, . . . , n− 1, let
β(vkvk+1) = 2(n− k) + 3,
and β(v1vn) = 3.
Case 2: n is odd.
Define a total coloring β of the graph Cn as follows:
1. for i = 1, 2, . . . , ⌈n
2
⌉+ 1, let
β(vi) = 2i− 1,
2. for j = ⌈n
2
⌉+ 2, . . . , n, let
β(vj) = 2(n− j) + 4,
3. for k = 1, 2, . . . , ⌈n
2
⌉, let
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β(vkvk+1) = 2k,
4. for l = ⌈n
2
⌉+ 1, . . . , n− 1, let
β(vlvl+1) = 2(n− l) + 3,
and β(v1vn) = 3.
It is not difficult to see that β is an interval total (n + 2)-coloring of the graph Cn.
Thus, Wτ (Cn) ≥ n+ 2 for any n ≥ 3. On the other hand, using Corollary 10, and taking
into account that diam(Cn) = ⌊
n
2
⌋ and ∆(Cn) = 2, it is easy to show thatWτ (Cn) ≤ n+2
for any n ≥ 3. 
In [ 5] it was proved the following result.
Theorem 18 For the complete graph Kn,
χ′′(Kn) =
{
n, if n is odd,
n+ 1, if n is even.
Theorem 19 For any n ∈ N, we have
(1) Kn ∈ T,
(2) wτ (Kn) =
{
n, if n is odd,
3
2
n, if n is even,
(3) Wτ (Kn) = 2n− 1.
Proof. Let V (Kn) = {v1, v2, . . . , vn}.
First we show that Kn has an interval total (2n− 1)-coloring for any n ∈ N. For that,
we define a total coloring α of the graph Kn as follows:
1. for i = 1, 2, . . . , n, let α(vi) = 2i− 1;
2. for i = 1, 2, . . . , n and j = 1, 2, . . . , n, where i 6= j, let α(vivj) = i+ j − 1.
It is easy to see that α is an interval total (2n − 1)-coloring of the graph Kn. This
proves that Kn ∈ T and Wτ (Kn) ≥ 2n − 1 for any n ∈ N. On the other hand, using
Corollary 10, and taking into account that diam(Kn) = 1 and ∆(Kn) = n−1, it is simple
to show that Wτ (Kn) ≤ 2n− 1 for any n ∈ N. Thus, (1) and (3) hold.
Let us prove (2). We consider two cases.
Case 1: n is odd.
Since Kn is a regular graph, by Theorem 18, we have wτ (Kn) = χ
′′(Kn) = n.
Case 2: n is even.
Now we show that wτ (Kn) ≤
3
2
n.
Define a total coloring β of the graph Kn as follows:
1. for i = 1, 2, . . . , n
2
, let
β(vi) = i;
2. for j = n
2
+ 1, . . . , n, let
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β(vj) =
n
2
+ j;
3. for i = 1, 2, . . . , n, j = 1, 2, . . . , n, i < j, i+ j is odd, and i+ j − 1 ≤ n, let
β(vivj) =
n
2
+ i+j−1
2
;
4. for i = 1, 2, . . . , n, j = 1, 2, . . . , n, i < j, i+ j is odd, and i+ j − 1 > n, let
β(vivj) =
i+j−1
2
;
5. for i = 1, 2, . . . , n, j = 1, 2, . . . , n, i < j, i+ j is even, and i+ j ≤ n, let
β(vivj) =
i+j
2
;
6. for i = 1, 2, . . . , n, j = 1, 2, . . . , n, i < j, i+ j is even, and i+ j > n, let
β(vivj) =
n
2
+ i+j
2
.
Let us show that β is an interval total 3
2
n-coloring of the graph Kn.
Let vi ∈ V (Kn), where 1 ≤ i ≤ n.
If i is even, by the definition of β, we have
S [vi, β] =

 ⋃
1≤l≤n+2−i
2
{
n
2
+
i+ (2l − 1)− 1
2
} ∪

 ⋃
n+2−i
2
<l≤n
2
{
i+ (2l − 1)− 1
2
} ∪

 ⋃
1≤l≤n−i
2
,l 6= i
2
{
i+ 2l
2
} ∪

 ⋃
n−i
2
<l≤n
2
,l 6= i
2
{
n
2
+
i+ 2l
2
} ∪ {i+ n
2
sg
(
i−
n
2
)}
=
[
n + i
2
, n
]
∪
[
n
2
+ 1,
n + i
2
− 1
]
∪
([
i
2
+ 1,
n
2
]
\ {i}
)
∪
([
n+ 1,
i
2
+ n
]
\
{n
2
+ i
})
∪
{
i+
n
2
sg
(
i−
n
2
)}
=
[
i
2
+ 1,
i
2
+ n
]
,
and if i is odd, by the definition of β, we have
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S [vi, β] =

 ⋃
1≤l≤n+1−i
2
{
n
2
+
i+ 2l − 1
2
} ∪

 ⋃
n+1−i
2
<l≤n
2
{
i+ 2l − 1
2
} ∪

 ⋃
1≤l≤n+1−i
2
,l 6= i+1
2
{
i+ 2l − 1
2
} ∪

 ⋃
n+1−i
2
<l≤n
2
,l 6= i+1
2
{
n
2
+
i+ 2l − 1
2
} ∪
{
i+
n
2
sg
(
i−
n
2
)}
=
[
n+ i+ 1
2
, n
]
∪
[
n
2
+ 1,
n+ i− 1
2
]
∪
([
i+ 1
2
,
n
2
]
\ {i}
)
∪
([
n+ 1,
i− 1
2
+ n
]
\
{n
2
+ i
})
∪
{
i+
n
2
sg
(
i−
n
2
)}
=
[
i+ 1
2
,
i− 1
2
+ n
]
.
This shows that β is an interval total 3
2
n-coloring of the graph Kn.
Next we prove that wτ (Kn) ≥
3
2
n.
Suppose, to the contrary, that γ is an interval total wτ (Kn)-coloring of the graph Kn,
where n ≤ wτ (Kn) ≤
3
2
n− 1.
Since wτ (Kn) ≥ χ
′′(Kn), by Theorem 18, we have n + 1 ≤ wτ (Kn) ≤
3
2
n− 1.
Consider the vertices v1, v2, . . . , vn. It is clear that
1 ≤ minS[vi, γ] ≤ wτ (Kn)− n+ 1 for i = 1, 2, . . . , n.
Hence, {wτ(Kn) − n + 1, . . . , n} ⊆ S[vi, γ] for i = 1, 2, . . . , n. Let us show that none
of the vertices v1, v2, . . . , vn is colored by j, j = wτ (Kn) − n + 1, . . . , n. Suppose that
γ(vi0) = j0, j0 ∈ {wτ (Kn) − n + 1, . . . , n}. Clearly, γ(vi) 6= j0 for i = 1, 2, . . . , n and
i 6= i0. This implies that any vertex vi, except vi0 , is incident to an edge with color j0,
which is a contradiction. The contradiction shows that γ(vi) /∈ {wτ(Kn) − n + 1, . . . , n}
for i = 1, 2, . . . , n. Hence,
γ(vi) ∈ {1, 2, . . . , wτ(Kn)− n} ∪ {n+ 1, . . . , wτ (Kn)} for i = 1, 2, . . . , n.
On the other hand, since χ(Kn) = n, we have
|{1, 2, . . . , wτ (Kn)− n}|+ |{n+ 1, . . . , wτ(Kn)}| ≥ n,
thus wτ (Kn) ≥
3
2
n, which is a contradiction. 
Theorem 20 For any n ∈ N,
(1) if 2n− 1 ≤ t ≤ 4n− 3, then K2n−1 ∈ Tt,
(2) if 3n ≤ t ≤ 4n− 1, then K2n ∈ Tt.
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Proof. First we prove (1). For that, we transform the interval total (4n−3)-coloring α of
the graph K2n−1 constructed in the proof of Theorem 19, into an interval total t-coloring
β of the same graph.
For every v ∈ V (K2n−1), we set:
β(v) =
{
α(v), if 1 ≤ α(v) ≤ t,
α(v)− 2n + 1, if t+ 1 ≤ α(v) ≤ 4n− 3.
For every e ∈ E(K2n−1), we set:
β(e) =
{
α(e), if 1 ≤ α(e) ≤ t,
α(e)− 2n+ 1, if t+ 1 ≤ α(e) ≤ 4n− 3.
It is easy to see that β is an interval total t-coloring of the graph K2n−1.
Let us prove (2).
For that, we transform the interval total 3n-coloring β of the graph K2n constructed in
the proof of Theorem 19, into an interval total t-coloring γ of the same graph.
Define a total coloring γ of the graph K2n as follows:
1. for i = 1, 2, . . . , 2n, let
γ(vi) =
{
β(vi) + t− 3n, if β(vi) + t− 3n ≤ 2i− 1,
2i− 1, if β(vi) + t− 3n > 2i− 1;
2. for i = 1, 2, . . . , 2n− 1, j = 1, 2, . . . , 2n− 1, i 6= j, and i+ j − 1 ≤ 2(t− 3n) + 1, let
γ(vivj) = i+ j − 1;
3. for i = 1, 2, . . . , 2n, j = 1, 2, . . . , 2n, i 6= j, and 2(t− 3n) + 1 < i+ j − 1 < 2n, let
γ(vivj) =
{
β(vivj) + t− 3n, if i+ j is even,
β(vivj), if i+ j is odd;
4. for i = 1, 2, . . . , 2n, j = 1, 2, . . . , 2n, i 6= j, and 2n ≤ i+ j − 1 ≤ 2n+ 2(t− 3n) + 1,
let
γ(vivj) = i+ j − 1;
5. for i = 3, 4, . . . , 2n, j = 3, 4, . . . , 2n, i 6= j, and i+ j − 1 > 2n+ 2(t− 3n) + 1, let
γ(vivj) =
{
β(vivj) + t− 3n, if i+ j is even,
β(vivj), if i+ j is odd;
It can be easily verified that γ is an interval total t-coloring of the graph K2n. 
Finally, we obtain the exact values of wτ (G) and Wτ (G) for wheels. Recall that a wheel
Wn (n ≥ 4) is defined as follows:
V (Wn) = {u, v1, v2, . . . , vn−1} and
E(Wn) = {uvi| 1 ≤ i ≤ n− 1} ∪ {vivi+1| 1 ≤ i ≤ n− 2} ∪ {v1vn−1}.
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Lemma 21 For any n ≥ 4, we have Wn ∈ T and
wτ (Wn) =
{
n+ 2, if n = 4,
n, if n ≥ 5.
Proof. Clearly, W4 = K4, hence, by Theorem 19, we have W4 ∈ T and wτ (W4) =
wτ (K4) = 6.
Assume that n ≥ 5.
For the proof of the lemma we construct an interval total n-coloring of the graph Wn.
We consider two cases.
Case 1: n is even.
Define a total coloring α of the graph Wn as follows:
1) α(u) = n, α(v1) = 2 and for i = 2, . . . ,
n
2
− 1, let α (vi) = 2i+ 1;
2) α(vn
2
) = n−2, α(vn
2
+1) = n−4, and for j =
n
2
+2, . . . , n−1, let α(vj) = 2(n−j+1);
3) for k = 1, 2, . . . , n
2
, let
α (uvk) = 2k − 1;
4) for l = n
2
+ 1, . . . , n− 1, let
α (uvl) = 2(n− l);
5) for p = 1, . . . , n
2
− 1, let
α (vpvp+1) = 2(p+ 1) and α
(
vn
2
vn
2
+1
)
= n− 3;
6) for q = n
2
+ 1, . . . , n− 2, let
α (vqvq+1) = 2(n− q) + 1 and α (v1vn−1) = 3.
Case 2: n is odd.
Define a total coloring β of the graph Wn as follows:
1) β(u) = n, β(v1) = 2 and for i = 2, . . . , ⌊
n
2
⌋ − 1, let β (vi) = 2i+ 1;
2)β(v⌊n
2
⌋) = n−4, β(v⌈n
2
⌉) = n−2 and for j = ⌈
n
2
⌉+1, . . . , n−1, let β(vj) = 2(n−j+1);
3) for k = 1, 2, . . . , ⌊n
2
⌋, let
β (uvk) = 2k − 1;
4) for l = ⌈n
2
⌉, . . . , n− 1, let
β (uvl) = 2(n− l);
5) for p = 1, . . . , ⌊n
2
⌋ − 1, let
β (vpvp+1) = 2(p+ 1) and β
(
v⌊n
2
⌋v⌈n
2
⌉
)
= n− 3;
6) for q = ⌈n
2
⌉, . . . , n− 2, let
β (vqvq+1) = 2(n− q) + 1 and β (v1vn−1) = 3.
Interval total colorings of graphs 17
It is not difficult to check that α is an interval total n-coloring of the graphWn, when n is
even, and β is an interval total n-coloring of the graphWn, when n is odd. Hence,Wn ∈ T.
On the other hand, clearly, wτ (Wn) ≥ χ
′′(Wn) = ∆(Wn) + 1 = n, thus wτ(Wn) = n. 
Lemma 22 For any n ≥ 5, we have Wn ∈ Tn+1 ∩ Tn+2.
Proof. First we show that Wn ∈ Tn+2 for any n ≥ 5.
Define a total coloring α of the graph Wn as follows:
1) α(u) = 1, α(v1) = 3, α(v⌈n
2
⌉) = n− 1 and for i = 2, . . . , ⌈
n
2
⌉− 1, let α (vi) = 2(i+1);
2) for j = ⌈n
2
⌉+ 1, . . . , n− 1, let α(vj) = 2(n− j) + 3;
3) for k = 1, 2, . . . , ⌊n
2
⌋, let
α (uvk) = 2k;
4) for l = ⌊n
2
⌋ + 1, . . . , n− 1, let
α (uvl) = 2(n− l) + 1;
5) for p = 1, . . . , ⌊n−1
2
⌋, let
α (vpvp+1) = 2p+ 3;
6) for q = ⌊n−1
2
⌋+ 1, . . . , n− 2
α (vqvq+1) = 2(n− q + 1) and α (v1vn−1) = 4.
It is easily seen that α is an interval total (n+ 2)-coloring of the graph Wn.
Now we show that Wn ∈ Tn+1 for any n ≥ 5.
Define a total coloring β of the graph Wn as follows:
1) for ∀v ∈ V (Wn), let β(v) = α(v);
2) for ∀e ∈ E(Wn), let
β(e) =
{
α(e), if α(e) 6= n+ 2,
n− 2, otherwise.
It is easily seen that β is an interval total (n+ 1)-coloring of the graph Wn. 
Lemma 23 For any n ≥ 4, we have Wτ (Wn) ≥ n + 3.
Proof. Clearly, for the proof of the lemma it suffices to construct an interval total (n+3)-
coloring of the graph Wn for n ≥ 4. We consider two cases.
Case 1: n is even.
Define a total coloring α of the graph Wn as follows:
1) for i = 1, 2, . . . , n
2
+ 1, let α (vi) = 2i− 1;
2) for j = n
2
+ 2, . . . , n− 1, let α(vj) = 2(n− j + 1);
3) for k = 1, 2, . . . , n
2
, let
α (vkvk+1) = 2k;
4) for l = n
2
+ 1, . . . , n− 2, let
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α (vlvl+1) = 2(n− l) + 1 and α (v1vn−1) = 3;
5) for p = 2, . . . , n
2
, let
α (uvp) = 2p+ 1 and α (uv1) = 4;
6) for q = n
2
+ 1, . . . , n− 1, let
α (uvq) = 2(n− q + 2) and α(u) = n+ 3.
Case 2: n is odd.
Define a total coloring β of the graph Wn as follows:
1) for i = 1, 2, . . . , ⌊n
2
⌋, let β (vi) = 2i− 1, β (vivi+1) = 2i;
2) for j = ⌈n
2
⌉, . . . , n− 1, let β(vj) = 2(n− j + 1);
3) for k = ⌈n
2
⌉, . . . , n− 2, let
β (vkvk+1) = 2(n− k) + 1 and β (v1vn−1) = 3;
4) for p = 2, 3, . . . , ⌈n
2
⌉, let
β (uvp) = 2p+ 1 and β (uv1) = 4;
5) for q = ⌈n
2
⌉ + 1, . . . , n− 1, let
β (uvq) = 2(n− q + 2) and β(u) = n+ 3.
It is not difficult to check that α is an interval total (n + 3)-coloring of the graph Wn,
when n is even, and β is an interval total (n + 3)-coloring of the graph Wn, when n is
odd. 
Remark 24 Easy analysis shows that if 4 ≤ n ≤ 8, then Wτ (Wn) = n + 3.
Lemma 25 For any n ≥ 9, we have Wτ (Wn) ≥ n + 4.
Proof. Clearly, for the proof of the lemma it suffices to construct an interval total (n+4)-
coloring of the graph Wn for n ≥ 9. We consider two cases.
Case 1: n is even.
Define a total coloring α of the graph Wn as follows:
1) α(u) = 7, α(v1) = 1, α(v2) = 6, α(v3) = 8 and for i = 4, . . . ,
n
2
−2, let α (vi) = 2i+1;
2) α(vn
2
−1) = n + 2, α(vn
2
) = n + 4 and for j = n
2
+ 1, . . . , n− 2, let α(vj) = 2(n− j),
α(vn−1) = 3;
3) α(uv1) = 3, α(uv2) = 5 and for k = 3, . . . ,
n
2
− 1, let
α (uvk) = 2k + 3;
4) for l = n
2
, . . . , n− 1, let
α (uvl) = 2(n− l + 1);
5) α(v1v2) = 4, α(v2v3) = 7 and for p = 3, . . . ,
n
2
− 2, let
α (vpvp+1) = 2(p+ 2);
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6) for q = n
2
− 1, . . . , n− 2, let
α (vqvq+1) = 2(n− q) + 1 and α (v1vn−1) = 2.
Case 2: n is odd.
Define a total coloring β of the graph Wn as follows:
1) β(u) = 7, β(v1) = 1, β(v2) = 6, β(v3) = 8 and for i = 4, . . . , ⌊
n
2
⌋−1, let β (vi) = 2i+1;
2) β(v⌊n
2
⌋) = n+4, β(v⌈n
2
⌉) = n+2 and for j = ⌈
n
2
⌉+1, . . . , n− 2, let β(vj) = 2(n− j),
β(vn−1) = 3;
3) β(uv1) = 3, β(uv2) = 5 and for k = 3, . . . , ⌊
n
2
⌋, let
β (uvk) = 2k + 3;
4) for l = ⌈n
2
⌉, . . . , n− 1, let
β (uvl) = 2(n− l + 1);
5) β(v1v2) = 4, β(v2v3) = 7 and for p = 3, . . . , ⌊
n
2
⌋, let
β (vpvp+1) = 2(p+ 2);
6) for q = ⌈n
2
⌉, . . . , n− 2, let
β (vqvq+1) = 2(n− q) + 1 and β (v1vn−1) = 2.
It is easy to check that α is an interval total (n+ 4)-coloring of the graph Wn, when n
is even, and β is an interval total (n+ 4)-coloring of the graph Wn, when n is odd. 
Lemma 26 For any n ≥ 4, we have Wτ (Wn) ≤ n + 4.
Proof. First, by Theorem 11, we have Wτ (Wn) ≤ n+ 6 for any n ≥ 4.
Next we prove that Wn /∈ Tn+5.
Suppose, to the contrary, that α is an interval total (n + 5)-coloring of the graph Wn
for n ≥ 4.
Consider the vertex u. Clearly,
1 ≤ minS[u, α] ≤ 6,
hence
n ≤ maxS[u, α] ≤ n+ 5.
Proposition 3 implies that the following three cases are possible:
1) S[u, α] = [6, n+ 5];
2) S[u, α] = [5, n+ 4];
3) S[u, α] = [4, n+ 3].
Case 1: S[u, α] = [6, n+ 5] or S[u, α] = [5, n+ 4].
Clearly, α(uvi) ≥ 5 for i = 1, . . . , n − 1. This implies that minS[vi, α] ≥ 2 for i =
1, . . . , n− 1, which is a contradiction.
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Figure 1.
Case 2: S[u, α] = [4, n+ 3].
First we show that α(u) 6= 4. Suppose that α(u) = 4. This implies that α(uvi) ≥ 5 for
i = 1, . . . , n− 1, which is a contradiction.
Let e = uv1 and α(e) = 4. Note that α(v1) = 1.
Without loss of generality, we may assume that α(v1v2) = 2, α(v1vn−1) = 3, α(uv2) = 5,
α(uvn−1) = 6, and there is a vertex vk such that either α(vk) = n+5 or α(vkvk+1) = n+5
(see Fig. 1).
Let us consider simple paths
P1 = (v1, v1v2, v2, . . . , vk, vkvk+1, vk+1) and
P2 = (vn−1, vn−1vn−2, vn−2, . . . , vk+1, vk+1vk, vk),
where 1 ≤ k ≤ n− 2.
Let us show that
1) α(vi) = 2i− 1, α(vivi+1) = 2i, α(uvi) = 2i+ 1,
2) α(vn+1−i) = 2i, α(vn−ivn+1−i) = 2i+ 1, α(uvn+1−i) = 2(i+ 1),
for i = 2, . . . , k.
We use induction on i. For i = 2, it suffices to prove that α(v2) = 3, α(v2v3) = 4,
α(vn−1) = 4, α(vn−2vn−1) = 5.
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Consider the vertex v2. Since α(v1v2) = 2 and α(uv2) = 5, we have minS[v2, α] = 2 and
maxS[v2, α] = 5, hence {3, 4} ⊆ S[v2, α]. If we suppose that α(v2) = 4, then α(v2v3) = 3
and maxS[v3, α] < 7, which contradicts maxS[v3, α] ≥ 7. From this we have α(uv3) = 7
(see Fig. 1).
Now we consider the vertex vn−1. Since α(v1vn−1) = 3 and α(uvn−1) = 6, we have
minS[vn−1, α] = 3 and maxS[vn−1, α] = 6, hence {4, 5} ⊆ S[vn−1, α]. If we suppose
that α(vn−1) = 5, then α(vn−2vn−1) = 4 and maxS[vn−2, α] < 8, which contradicts
maxS[vn−2, α] ≥ 8 (see Fig. 1).
Suppose that the statements 1) and 2) are true for all i′, 1 ≤ i′ ≤ i. We prove that the
statements 1) and 2) are true for the case i+1, that is, α(vi+1) = 2i+1, α(vi+1vi+2) = 2i+2,
α(uvi+1) = 2i+ 3 and α(vn−i) = 2i+ 2, α(vn−i−1vn−i) = 2i+ 3, α(uvn−i) = 2i+ 4. From
the induction hypothesis we have:
1′) α(vj) = 2j − 1, α(vjvj+1) = 2j, α(uvj) = 2j + 1,
2′) α(vn+1−j) = 2j, α(vn−jvn+1−j) = 2j + 1, α(uvn+1−j) = 2(j + 1),
for j = 2, . . . , i.
1′) and 2′) implies that α(uvi+1) = 2i+ 3 and α(uvn−i) = 2i+ 4.
Consider the vertex vi+1. Since α(vivi+1) = 2i and α(uvi+1) = 2i + 3, we have
minS[vi+1, α] = 2i and maxS[vi+1, α] = 2i + 3, hence {2i + 1, 2i + 2} ⊆ S[vi+1, α].
If we suppose that α(vi+1) = 2i+2, then α(vi+1vi+2) = 2i+1 and maxS[vi+2, α] < 2i+5,
which contradicts maxS[vi+2, α] ≥ 2i+ 5. From this we have α(uvi+2) = 2i+ 5 (see Fig.
1).
Next we consider the vertex vn−i. Since α(vn+1−ivn−i) = 2i+1 and α(uvn−i) = 2i+4, we
have minS[vn−i, α] = 2i+1 and maxS[vn−i, α] = 2i+4, hence {2i+2, 2i+3} ⊆ S[vn−i, α].
If we suppose that α(vn−i) = 2i+ 3, then α(vn−i−1vn−i) = 2i+ 2 and maxS[vn−i−1, α] <
2i+ 6, which contradicts maxS[vn−i−1, α] ≥ 2i+ 6 (see Fig. 1).
By 1′), we have k ≥ n
2
+ 2.
By 2′), we have k ≤ n
2
− 1.
It is easy to see that does not exist such an index k, which satisfy the aforementioned
inequalities. This completes the prove of the case 2.
Similarly, it can be shown that Wn /∈ Tn+6, hence Wτ (Wn) ≤ n + 4 for any n ≥ 4. 
From Lemmas 21-26 and Remark 24, we have the following result:
Theorem 27 For n ≥ 4, we have
(1) Wn ∈ T,
(2) wτ (Wn) =
{
n+ 2, if n = 4,
n, if n ≥ 5,
(3) Wτ (Wn) =
{
n + 3, if 4 ≤ n ≤ 8,
n + 4, if n ≥ 9,
(4) if wτ (Wn) ≤ t ≤Wτ (Wn), then Wn ∈ Tt.
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